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Mechanical Systems Design Lab.Demand for pipes of 3D shape

Objects with a three-dimensional shape obtained by bending
a straight pipe with a uniform cross section are being used 
as components in many applications because they contribute 
to mass reduction, rigidity improvement, cost reduction, 
design improvement.
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Objects with a three-dimensional shape obtained by bending
a straight pipe with a uniform cross section are being used 
as components in many applications because they contribute 
to mass reduction, rigidity improvement, cost reduction, 
design improvement.

handrail in 
train station

chair

Axillary crutch 

wire puzzle
Support devices to 
reduce tremor effect

Stick
For writing

For eating Mass production system is not 
appropriate for manufacturing 
components for welfare devices. 
Tailor-made manufacturing for fitting to 
each person is necessary. 
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Mechanical Systems Design Lab.Penetration bending method

Configuration of pipe bender using parallel 
mechanism based on the penetration 
bending method
The penetration bending method is one way to manufacture three-dimensional pipes. A straight pipe is bent by 
pushing it through a fixed die and movable die, which is in an offset position. The cross sections of both dies 
have a shape counter to that of the pipe. The position and orientation of the movable die at every period are 
controlled in accordance with the desired shape of the pipe after bending. The motion of the movable die is 
synchronized with that of the pipe feeder. This method can be used to bend a pipe with an arbitrary cross 
section by using two simple dies. Expensive dies with three-dimensional shapes corresponding to the external 
shape of the pipe to be bent are not needed.

FEM analysis demo

Bent pipe

(a) Pipe feeder

(b) Fixed die

(c) Movable die

(d) Movable-die   
drive mechanism   
(parallel mechanism)

Straight pipe

Base

B B
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Configuration of pipe bender using parallel 
mechanism based on the penetration bending method
The penetration bending method is one way to manufacture three-dimensional pipes. A straight pipe is bent by 
pushing it through a fixed die and movable die, which is in an offset position. The cross sections of both dies 
have a shape counter to that of the pipe. The position and orientation of the movable die at every period are 
controlled in accordance with the desired shape of the pipe after bending. The motion of the movable die is 
synchronized with that of the pipe feeder. This method can be used to bend a pipe with an arbitrary cross 
section by using two simple dies. Expensive dies with three-dimensional shapes corresponding to the external 
shape of the pipe to be bent are not needed.

FEM analysis demo

Bent pipe

(a) Pipe feeder

(b) Fixed die

(c) Movable die

(d) Movable-die   
drive mechanism   
(parallel mechanism)

Straight pipe

Base

Target of our research:
Movable-die drive mechanism, 
dominating shape complexity, 
accuracy and surface quality of 
the bent pipe.

Parallel mechanism:
Good candidate as the movable-
die driving mechanism because 
of its advantages in accuracy 
and rigidity.
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mechanism

Photo of the CNC pipe bender using Stewart-Gough platform
( Kikuchi Seisakusho Co., Ltd. ) (demo1) (demo2)

This CNC pipe bender has been used to manufacture many three-dimensional 
objects for several years. However, it still has problems bending pipes with a small 
curvature radius due to its limited orientation capability. Full rotation of the 
movable die around the axis of the pipe is needed to form pipes with an axis-
symmetric shape such as helical. However, parallel mechanisms such as the 
Stewart-Gough platform can not achieve such motion.
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 Kinematic Design of Movable-Die Drive Mechanism with 
Orientation Capability which Enables Bending of Pipes 
with Complex Shapes (Especially with Large Curvature)
→Proposition of 3-RPSR parallel mechanism and its 

kinematic design
 Design of Movable-Die Drive Mechanism with High 

Stiffness to Achieve Precise Bending
→Evaluation of the designed mechanism in terms of

compliance characteristics in pipe bending
 Modeling of penetration pipe bending and compensation 

of springback of pipe and clearance at dies
 Prototyping 
 Experimental validation
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as movable-die drive mechanism

2nd prototype of our pipe bender using 3-RPSR parallel mechanism

(a)Three connecting chains.
(b)Triple revolute joints.
(c) Revolute joint on the output link
(d)Appropriate slider angle

Full rotation and large inclination 
of the output link  are achieved.

Features of our 3-RPSR mechanism: video
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parallel mechanism

Bent pipes by our 2nd prototype pipe bender

Uniform helix

Non-uniform helixClothoid curve
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Demand:
Our prototype pipe bender using a 3-RPSR parallel mechanism as 
the movable-die drive mechanism successfully achieved 
manufacturing of three dimensional shaped pipes such as clothoid 
curves, uniform helix and non-uniform helix. Manufacturing more 
complex shaped pipes are required. However, we found that  design 
of mechanism for achieving better orientation capability is required to 
the movable-die drive mechanism for this purpose.

Collision of movable and fixed dies                  Collision of arms

Collision 
of dies

Collision of 
arms
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Demand:
Our prototype pipe bender using a 3-RPSR parallel mechanism as 
the movable-die drive mechanism successfully achieved 
manufacturing of three dimensional shaped pipes such as clothoid 
curves, uniform helix and non-uniform helix. However, we found that  
better orientation capability is required to the movable-die drive 
mechanism for manufacturing complex three-dimensional shaped 
pipes.

Purpose:
The purpose of this research is to clarify the relationship between 
kinematic parameters and orientation capability of 3-RPSR parallel 
mechanism. Better mechanical design is also investigated to extend 
the motion range of the arms. Then, a mechanism having a better 
orientation capability is clarified.
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Definition of kinematic constants
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orientation capability
1. Singular configurations
2. Required swing angle of the spherical joint
3. Closest angle between neighboring arms
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Kinematic 
parameters will 
be optimized.

Mechanical design will 
be improved.
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Considered points:
(1)Maximum inclination angle of movable die (y)
(2)Maximum swing angle of spherical joint (A)
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y,max: maximum inclination angle, 
SX, SZ: maximum strokes in XZ plane
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Considered points:
(1)Maximum inclination angle of movable die (y)
(2)Maximum swing angle of spherical joint (A)

O
X Y

P

x

y

z

Bi

Output link

(Base)

iX

iy

ix

Arm

Slider

Link
Spherical 
joint

Prismatic joint

Revolute  
joint

Triple 
revolute  
joints

1( )Z e

it

ir

Ai A A A( , , )i i iX Y Z
2,ie

iz
iz

A,is
A,i

X

Y

Z

O

z

y

R1( )y e
R1e

R2e

R2( ) e
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Target motion:
(typical motion 
for bending 
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y,max: maximum inclination angle, 
SX, SZ: maximum strokes in XZ plane

The maximum inclination angle of the movable die and the maximum swing angle 
of spherical joint are dependent on the direction of the inclination. So, considering 
several z, maximization of the maximum and minimum of the maximum inclination 
angle and minimization of the required maximum swing angle of spherical joint 
were considered.
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Evaluation indices:
(1-1) Maximum of the maximum inclination angles at a constant z : 
max(y,1(z=cost.))
(1-2) Minimum of the maximum inclination angles at a constant z : 
min(y,1(z=cost.))
(2) Ratio of the maximum swing angle of spherical joint at max(y,1(z=cost.)) to 
max(y,1(z=cost.)):A,max/ max(y,1(z=cost.)) 

Change of det J-1 and A,max with respect to y (r=45 mm, l=150 mm,B=0, 
SX=SZ=16 mm)
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Evaluation indices:
(1-1) Maximum of the maximum inclination angles at a constant z : 
max(y,1(z=cost.))
(1-2) Minimum of the maximum inclination angles at a constant z : 
min(y,1(z=cost.))
(2) Ratio of the maximum swing angle of spherical joint at max(y,1(z=cost.)) to 
max(y,1(z=cost.)):A,max/ max(y,1(z=cost.)) 

Change of det J-1 and A,max with respect to y (r=45 mm, l=150 mm,B=0, 
SX=SZ=16 mm)
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 -1The minimum of the maximum inclination angle is in practice 
determined not by singularity but by the collision between the arms, 
and it does not change by design parameters so much compared to  
others. Then, we did not consider this evaluation index. This point 
was considered in the mechanical design.
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Relationships between design parameters and the evaluation indices in terms of 
maximum inclination angle and required maximum swing angle of the spherical 
joint(standard design parameters: r=45 mm, l=150 mm, B=15 deg)
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Relationship between design parameters and the evaluation indices in terms of 
maximum inclination angle and required maximum swing angle of the spherical 
joint(standard design parameters: r=45 mm, l=150 mm, B=15 deg)

Based on the analysis results, we optimized kinematic constants, then we 
designed a mechanism.

Appropriate regions 
for achieving high 
orientation capability
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Overview of the prototype
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Overview of the prototype

Sliding spherical joint 
with very small clearance 
(～1m) and high 
stiffness

Circular guide with bearing 
and cross-roller bearing at 
the rotation axis are used 
for high accuracy and 
stiffness.

Motors for revolute joints 
are located under the 
arms to make the closest 
angle of arms larger.
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Plot of the limit of Inclination angle in each direction

Prototype mechanism
Map of inclination angle

Min. inclination (39deg)

Max. inclination (90deg)
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Demonstration video
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Kinematic analysis of a 3-RPSR parallel mechanism with six 
DOF, which has been applied to a movable-die drive 
mechanism of pipe bender, has been done to clarify the 
relationship between its design parameters and orientation 
capability. Based on the results of analysis, a mechanism that 
can achieve a high orientation capability was designed, and a 
prototype has been built. Its orientation capability has been 
revealed, and it has been shown that our prototype 
mechanism achieved a superior orientation capability.
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Overview of the prototype

Revolute joint axis

Compliance 
(bending of link)

Compliance 
(tension/compression of link)
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External force, input torque/force and joint forces
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Forces and deformations
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Forces and deformations
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and pipe-bending accuracy
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and pipe-bending accuracy

In-plane bending                                    Direction of force
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and pipe-bending accuracy

x

y

PB

zContact 
point QB

qB=CM FB

z+
D

Movable-die

Hole

In-plane bending                             Force and displacement of QB

Compliance of the mechanism at the contact point QB:
M B B/C q F
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and pipe-bending accuracy
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Index of curvature radius error caused by mechanism compliance:
M

M 2 sin
CR 

 
 Assumption: magnitude of the moment M required for 

bending a pipe into the same curvature radius R is 
the same even if the angle   is different.
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parameter value parameter Value
r 45 mm kL1 1.6×105 N/mm
l 260 mm kL2 5.4×102 N/mm
B 20 deg kS1 3.6×107 N mm/rad
zPB 0 mm kS2 1.0×104 N/mm

Compliance and curvature accuracy vs. inclination angle and radius of curvature of bent pipe

Parameter values used in the calculation
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Compliance and curvature accuracy vs. inclination angle and radius of curvature of bent pipe

Close to singularity

[Compliance]
(1) Compliance characteristics are stable in a wide range of y except for the 

areas closed to singularity
(2) Compliance characteristics at R/D=2 are quite stable in the whole range of 

y . This means that there is a wide selection in bending conditions for 
fabricating pipes with complex shapes.
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Compliance and curvature accuracy vs. inclination angle and radius of curvature of bent pipe

Close to singularity

[Curvature radius error]
 RM monotonously reduces according to the increase of y for all conditions 

of R/D.
(2) Our mechanism performs better in terms of the curvature radius error by 

selecting the angle y as large as possible for all R/D. 
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Bending by the 3rd prototype

Purpose: to investigate the effect of the angle y on the 
accuracy of the bent pipe.
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Pose measurement system during bending using checker pattern 
and camera (Details will be presented at the session FrB1 
“Calibration”)
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Curvature radius error of bent pipes

Bent pipes (R=50 mm)

Orientation error during bending

It is known from the figures that the
angle y has great effects on the pose
accuracy of the movable-die and the
shape accuracy of the bent pipe. That
is, accuracy of bending is improved by
setting y at an angle as large as
possible. This result supports the
theoretical results.
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Compliance characteristics of the 3-RPSR mechanism and fabrication error of
bent pipes using this mechanism have been theoretically and experimentally
investigated. Our conclusions are summarized as follows.
1. Evaluation indices for compliance characteristics and curvature radius error of

the movable-die drive mechanism have been proposed. Based on the indices,
effects of the bending conditions, such as the target radius of curvature of bent
pipe and inclination angle of the movable die, on these performances of the
mechanism have been clarified. As the result, it was clarified that the
mechanism has a good characteristics as the movable-die drive mechanism of
a pipe bender especially for fabricating pipes with small curvature radii.

2. Experimental results using the prototype pipe bender have shown to support
the theoretical results.
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Pipe Bender

Error sources and points of interests：
① Springback effect of pipe（previous work: compensation based on 

preliminary experiments）
② Clearance between pipe and movable die（Draw bending: large contact 

area,  Penetration bending: point contact）
③ Clearance between pipe and fixed die

Draw bender（Taiyo Co., Ltd.）

Bent pipe

(a) Pipe feeder

(b) Fixed die

(c) Movable die
(d) Movable-die 
drive mechanism

Straight pipe

Base

①
②

③
①

② ③
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Determination of the compensated pose of the movable die, 
taking into consideration the error sources, for desired shape of 
bent pipe to achieve precise pipe-bending. 
1. A model for estimating the bent pipe’s shape and bending 

force, taking into consideration the clearance at the dies as 
well as the springback of pipe, is proposed.

2. Based on the results, a strategy for determining the pose of 
the movable-die drive mechanism as the feed-forward 
information is proposed. 

3. Experiments for fabricating pipes of several target shapes 
have been conducted, and results are discussed in terms of 
accuracy of the bent shape. 

Target pipe:
 Aluminum(A6063)
 Uniform circular cross-section(outer diameter=8mm, thickness=1mm)
 Bent pipe in a plane(constant and variable radius of curvature)
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Conditions:
1. Relationship between the stress and strain
2. Bending moment applied on the pipe
3. Springback formulation
4. Contact condition of pipe and the dies

To obtain:
 Input: pose of the movable die

Including conditions: 
property of pipe (dia., Young’s modulus, etc.), clearance

 Output: Shape of the bent pipe

Usage: To determine in a feed-forward way the pose of the 
movable die according to the target shape of the bent pipe.
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Relationship between the stress and strain:
      (    )  
   (  )  

y
n

y

E
C
  


  


  

：elastic area

：plastic area
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Bending moment M to bend a pipe of curvature :



Tokyo Institute of Technology
Mechanical Systems Design Lab.

Springback and Clearance at fixed die is considered.

50

Penetration Bending Model

Penetration bending model
The centerline of pipe (bold line) can be determined by assumed values κmax (curvature at the exit of 
the fixed die) and sn (arc length of the contact point of pipe with movable die).

max max md
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0：deformation angle at s =0
rif：clearance at fixed die

max( ) ( )κ s κ κ s 
(0) ( )( ) M M sκ s
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Springback:
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Calculate Mmax using Eq. (9)

Set initial value of Q(s), Qi(s) (i=0) 

Give max and sn

Calculate Fmd, i+1 from Mmax and Qi(sn)  using Eq. (11) 

Calculate Mi+1(s) and i+1(s) using Eqs. (11)-(13) 

Start

Calculate Qi+1(s) from i+1(s) and i+1(s) using Eq. (14)

Calculate error 

Stop

1 1( ) ( )i i n i nQ s s   Q Q

1 al ?iQ Q  

Yes

No

i=i+1

Flowchart to calculate centerline of bent pipe Q(s) from given set of the maximum 
curvature κmax and position of the contact point sn. 
Once the two values κmax and sn are assumed, maximum bending moment Mmax, bending force Fmd, bending moment
distribution M(s) and curvature distribution κ(s) are calculated step by step using equations shown in the figure where i and Qal
denote increment number of iteration and allowable error of convergence. Let us note that κmax and sn cannot be freely specified,
but should be determined based on the contact condition between pipe and dies. Determination of these values is discussed in
the following.
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Input: pose of movable die(u1, u2, θy)

Output: centerline Q(s)，force Fmd

Resultant curvature: κd= κmin = κ (sn)

Center line is obtained such that
the outer surface of the pipe is
tangential to the contact surface of
the movable die.

cmr

imd

mO

Cross section of movable die

Calculation of Center Line 
of Bent Pipe Pose of and clearance at movable die is considered.

Penetration bending model
The centerline of pipe (bold line) can be determined by assumed values κmax (curvature at the exit of the fixed die) and 
sn (position of the contact point of pipe with movable die). Procedure to determine κmax and sn is presented  next.

mdF

)(sQ

)(sr)(sM

)(s s

)( nsQ

Fixed-die

ifd

Movable-die

P

Of

Pipe

u2

u1

imd

cmr

max at s = 0
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Flowchart to determine bent pipe’s shape from given pose of movable die taking into 
consideration springback of pipe and clearances between pipe and dies.
Figure (a) shows the total procedure. Centerline of pipe is obtained in Figure (b) so that distance between 
the assumed contact point on the pipe and the contact line of movable die is minimized for given pose of 
movable die (u1, u2, y) and maximum curvature κmax.

Give (u1 , u2, y)

Do pipe and movable die contact?

Calculate minimum distance between pipe and movable die d

Start

Stop

al ?d d 

Yes

No

Set max max(1) max(2)[ , ]  

Search values of max such that contact lines of pipe and movable die
have two points of intersection, max(1), and they have no intersection,
max(2), using the procedure shown in Fig. 11 and Fig. (b).

Determine Q(s) (Fig. (b))

Yes

No

1 al ?is s  

Yes

Calculate Q(s) from max and sn,i(sn,i→sn)

Assume initial value of sn(sn,0) and set i=0

Calculate contact surface of pipe from Qi+1(s)

Calculate the closest points on contact
lines of pipe and movable die, and
calculate sn,i+1 of point on the center line
of pipe corresponding to these points

Calculate arc length error si+1=sn,i+1-sn,i

Noi=i+1

(a) flowchart to determine pipe’s shape
(b) flowchart to determine 
centerline of pipe
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Numerical Example
Material and dies parameters

0

20

40

60

80

100

-20 0 20 40 60

x
[m

m
]

y [mm]
Result（Rg=100 mm, y=40 deg）In the figure, the solid red and thin green lines

represent center and outer lines of the pipe, and two
blue circles represent contact lines of movable die,
respectively. From the enlarged views, it is known that
the pipe contacts the movable die only at one point.
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g

最小傾き角 θy,min
: θm曲線

最大傾き角 θy,max
: θM曲線

加工可能領域

Workspace of movable-die 
drive mechanism

55

Estimation of the Bent Pipe’s 
Shape and Bending Force

Workspace of movable-die drive mechanism

Geometrical condition of 
mechanism and singularity

θy, max

Collision of pipe with fixed and 
movable dies

θy, min

Distribution of pipe’s 
curvature and bending force 
in the workspace were 
estimated by the proposed 
method.

傾き角 θy[deg]

位
置

決
め

曲
率
κ g

[m
-1

]

Workspace

y, max

y, min
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Estimation of the Bent Pipe’s 
Shape and Bending Force
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Strategy for Determining 
Movable Die’s Pose
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Strategy to take 
maximum tilt angle Effect：Reduction of 

bending force

Results of calculation

To achieve a pipe bending with a 
specified curvature, parameters g
and y can be obtained as the 
control reference in an inverse way 
using this map from the desired d.

It is known that the bending force decreases as 
the increase of the tilt angle y along a contour 
line of d. This means that the maximization of 
the tilt angle of the movable die leads to the 
minimization of the bending force. By combining 
the results with the left figure, a strategy to 
determine the pose of the movable die for 
precise bending is proposed, where the tilt angle 
y is to be maximized.
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Strategy for Determining 
Movable Die’s Pose

1e
-0

6

2
4

6

6

8
8

10
10

12
12

14 14
16 16

18 18
20 20
22 22

24 24
26 26

28 28
30 30
32 32
34 34
36 36
38 38

40
42
44
46
48

0 10 20 30 40 50 60 70 800
5

10
15
20
25
30
35
40
45
50
55

Resultant curvature κd [m-1] Loci of the movable die

θy [deg]

κ g
[m

-1
]

Results of calculation
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Effect of strategy (a): Reduction of the effect 
of positioning error on the result of bending
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Strategy for Determining 
Movable Die’s Pose

Loci of the movable die

θy [deg]

κ g
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]

Results of calculation
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Effect：Reduction of 
bending force

Bending force Fmd [N]

it is also known that in strategy (a) due to the large change in the position of the movable die 
according to the target curvature, less effect of the positioning error of the movable die on the error 
of the bent pipe’s shape as well as the reduction of bending force shown in the left figure can be 
expected.
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d( ) /e R R R 
Error From the model as a 

function of (Rg, θy)

Estimated radius Rd

After bending for a 
variety set of (Rg , θy)

Measured radius R

Result

Evaluation 
region
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Experiments

Estimated curvature radius 
and its error

Measurement results

It is known from the right figure that high estimation accuracy in the maximum tilt area was 
achieved (less than 2 %) though maximum error was 20%. These results agree with the 
theoretical results. 
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Experiments
（Clothoid curve with variable curvature radius）

Target 
shape (a) (b)

w/o
compensation

l1 [mm] 300.0 312 316 326
Error [%]  4.0 5.3 8.7

l2 [mm] 158.6 160 160 164
Error [%]  0.9 0.9 3.4

Measured values

Result of bending
Bending error

Precise bending has been achieved by compensation based on the pose determination 
strategy using the maximum tilt angle.

Strategy (a) Strategy (b) w/o 
compensation
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The conclusions are summarized as follows:
(1) A theoretical model to estimate the curvature of bent pipes 

in the penetration bending method has been developed by 
constructing a procedure to calculate the center line of the 
bent pipe from the pose of the movable die taking into 
consideration the effect of the springback of pipe and 
clearances at the dies.

(2) A bending strategy to perform precise bending, in which the 
pose of the movable die is determined so that the tilt of the 
movable die is maximized, has been proposed based on the 
maps of estimated curvature of bent pipe and bending force, 
which are obtained from the model in (1).

(3) Effectiveness of the proposed model and bending strategy 
has been validated through experiments by our prototype 
pipe bender using the 3-RPSR parallel mechanism.
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Results:
 Kinematic Design of Movable-Die Drive Mechanism with 

Orientation Capability which Enables Bending of Pipes 
with Complex Shapes

 Design of Movable-Die Drive Mechanism with High 
Stiffness to Achieve Precise Bending

 Modeling of penetration pipe bending and compensation 
of springback of pipe and clearance at dies

 Prototyping 
 Experimental validation

Future Work:
 Development of pipe feeder enabling large feed force
 Precise pipe bending with 3D shape with shape and force 

feedback information

Summary and Future Work
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Definition of symbols

2 2 2
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, iZ Z 
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iX
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Once the pose of the output link is given, the position and orientation of the 
coordinate system Bi-xiyizi on the output link is obtained. Then, the position of Ai with 
respect to the coordinate system Bi-xiyizi can be written as the circle centered on Bi
and radius l. Ai moves on the circular cone defined by a point O, Z axis and angle B. 

Quadratic equation in xi and yi:
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Tangential circle to curve Si

Identification of the solution corresponding to 
the working mode from the two solutions by 
means of the y’-coordinate of Ai

arm
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External force, input torque/force and joint forces
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Equilibrium equation for force 
and moment w.r.t. output link:

Relationship between joint 
forces and input force/torque:

External force vs. 
input force/torque:
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(a) Uncertain configuration:  At 
this configuration, the matrix J1 loses its 
full rank. Typical configurations are 
(a-1) axes of revolute joints on the 
output link zi and points Ai of two 
connecting chains are located in a plane, 
(a-2) points Ai of two connecting chains 
coincide: Physically unavailable due to 
collision of two arms.
(b) Stationary configuration:
At this configuration, the matrix J2 loses 
its rank. This configuration occurs when 
the curve Si is tangent to the circle of 
radius l (solution of inverse 
displacement analysis).

A3A2

B1
B2 B3XY
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Example of uncertain configuration(a-2)

Example of stationary configuration(b)
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Kinematic analysis of a 3-RPSR parallel mechanism with six 
DOF, which has been applied to a movable-die drive 
mechanism of pipe bender, has been done to clarify the 
relationship between its design parameters and orientation 
capability. Based on the results of analysis, a mechanism that 
can achieve a high orientation capability was designed, and a 
prototype has been built. Its orientation capability has been 
revealed, and it has been shown that our prototype 
mechanism achieved a superior orientation capability.

Future work includes
・evaluation of accuracy, stiffness
・evaluation of pipe-bending performance
・ect.


